In this article, we propose two control charts namely, the "Multivariate Group Runs' (MV-GR-M)" and the "Multivariate Modified Group Runs' (MV-MGR-M)" control charts, based on the multivariate normal processes, for monitoring the process mean vector. Methods to obtain the design parameters and operations of these control charts are discussed. Performances of the proposed charts are compared with some existing control charts. It is verified that, the proposed charts give a significant reduction in the out-of-control "Average Time to Signal" (ATS) in the zero state, as well in the steady state compared to the Hotelling's T 2 and the synthetic T 2 control charts.
Introduction
In many industrial processes, quality of the product may depend on two or more quality characteristics (may be dependent), which need to be controlled and monitored simultaneously. In the last decade or two, various multivariate procedures have been developed for simultaneous monitoring of such characteristics. Most of these procedures are to detect shifts in the process mean vector. In such a case, data in terms of vectors follow p-variate normal distribution with mean vector µ and covariance matrix Σ. Hotelling, H. [1] introduced the Hotelling's T tistic has attracted for the research work.
Wu and Spedding [2] developed the synthetic X chart as a combination of the Shewhart X chart and the "Conforming Run Length" (CRL) chart for detecting shifts in the process mean. The CRL chart is an attribute control chart proposed by Bourke [3] for monitoring fraction nonconforming. It was shown that the synthetic X chart outperforms the Shewhart X chart over the entire range of shifts in the process mean. The development of the synthetic control chart for a univariate process has been also documented by Calzadaand Scariano [4] , Davis and Woodall [5] , Scariano and Calzada [6] , Huang and Chen [7] , and Costa and Rahim [8] . The development of the Multivariate synthetic control chart for monitoring process Mean vector (MV-Syn-M) has been proposed by Ghute and Shirke [9] . This chart is developed as a combination of the Hotelling's T 2 chart and the CRL chart. The MV-Syn-M chart is an extension of the synthetic chart in multivariate normal data.
Purpose of this article is to improve the efficiency of the Hotelling's T 2 chart and the "Multivariate Synthetic control chart to detect shifts in the Mean vector" (MV-Syn-M) by using the recently developed concept of "Group Runs" (GR) and the "Modified Groups Runs" (MGR) control charts. The development of the GR control chart [10] and MGR control chart [11] for univariate process has been documented by Gadre and Rattihalli. We propose the "Multivariate Group Runs control chart for Mean vector" Description of the related multivariate control charts for the mean vector is given in Section 2. Section 3, includes the description and design of the GR and MGR charts.
Description of the runs rule representation of the MV-GR-M and MV-MGR-M charts is given in Section 4. In the subsequent section, it is illustrated that in the zero state, MV-GR-M and MV-MGR-M charts outperform as compared to the Hotelling's T 2 chart and the MV-Syn-M chart. We also give one real life situation for the effectiveness of the MV-GR-M and the MV-MGR-M charts. In Section 6, the steady state performances of the MV-GR-M and the MV-MGR-M charts are studied. Concluding remarks are given in the last section.
Some Multivariate Control Charts for the Process Mean
This section briefly describes some multivariate control charts to monitor the mean vector of a multivariate normally distributed process namely, Hotelling's T 2 chart and the MV-Syn-M chart.
Let 1 2 , , , n X X X  be a random sample from ( )
Here, µ is the process mean vector and Σ is the process covariance matrix. These vectors represent measurements of p quality characteristics. Let X be the sample mean vector of the above sample and µ 0 , Σ 0 be the in control mean vector and covariance matrix respectively. The problem of interest is to detect the shift in the mean vector µ. 
The Hotelling's T 2 Chart
This control chart is used to detect shift in mean vector for the multivariate normal data. The upper control limit is 
where, * d is the magnitude considered large enough to seriously impair quality of the products.
Here, we find optimal choices of the two parameters (n, k) for given ( ) 
The Multivariate Synthetic Control Chart for Mean Vector (MV-Syn-M)
In MV-Syn-M control chart, for the above problem, Ghute and Shirke [9] computed optimum design parameters (k, L) for given ( ) 
Some Group Runs Based Control Charts for the Process Mean
This section briefly describes some group runs based control charts based on ATS criterion, namely the GR chart and the MGR chart. These charts give a significant reduction in out of control ATS as compared to the X chart and the synthetic control chart.
Group Run Control Chart for Detecting Shifts in the Process Mean
The "Group Runs" (GR) chart proposed by Gadre and Rattihalli [10] which is a combination of the Shewhart's X chart with an extended version of sample based CRL chart. The GR chart outperforms the Shewhart's X chart and the synthetic chart.
Here CRL is the number of conforming samples between two consecutive non-conforming samples including the ending non-conforming sample. For simplicity, Y r be the r th sample based CRL.
Some notations for the GR chart 1) δ: Design shift in the process mean.
2) ATS(δ):
The average number of units required by the time the process has gone out of control.
3) δ 1 : Design shift in the mean, the magnitude of which is considered large enough to seriously impair the quality of the product.
4) L g : Lower control limit of GR Chart. 5) τ: The minimum required value of ATS(0).
Operation of the GR chart
Stepwise procedure of operation of the GR chart is as follows.
Step-1: Inspect n units in a group.
Step-2: Declare the group as conforming or nonconforming using X sub-chart.
Step-3: A process is said to be out of control, if either 1
or two successive Y r 's are less than or equal to L g for the first time.
Step-4: When the process goes out control, necessary corrective action should be taken to reset and to resume it. Once the process restarts, move to Step-1, before initializing CRL to 0.
Design of the GR Chart
In the synthetic control chart, for the same problem, Wu and Spedding computed optimal design parameters (k, L g ) for the given sample size (n). In case of the GR chart, optimum choices of the three parameters ( )
In designing GR chart, the model is based on ATS model given in (3).
Let P be the probability of the group being nonconforming. It is given by, 
Modified Group Runs Control Chart for Process Mean
"Modified Group Runs" (MGR) chart is proposed by Gadre and Rattihalli [11] . This chart outperforms the Shewhart's X chart, the synthetic chart and the GR chart. MGR chart consists of two components. The first component examines whether the group is conforming or not by using an X -based procedure to detect shifts in the process mean. The second component depends on group runs based procedure and is used to decide status of the process. This component has two levels of group inspection.
In the ( )
1, 2
th i i = level of group inspection, they examine whether a group-based CRL is not more or more than a given number L i , the lower limit. The procedure of MGR chart is described as follows. X -based procedure: If 0 µ is the target value and σ is the process variability, the group of size n is declared as nonconforming if the group mean
Group runs based procedure: The group runs based procedure declares the process
time. Here, L 1 is a warning limit.
In case of MGR chart to detect shifts in the process mean, let ATS(δ) be the average number of units required by MGR chart to detect a shift in the process mean from 0 µ to 0 µ δσ ± . Let δ 1 (≠0) be a given value of the shift in the mean, the magnitude of which is considered large enough to seriously impair the quality of the product. For the given input parameters ( )
, , µ δ τ , we determine values of the design parameters ( ) 1 2 , , , n k L L by using the ATS model given in Equation (3) was considered. As mentioned in Gadre and Rattihalli [11] , ATS for MGR chart is
Multivariate Group Runs Based Control Charts for the Process Mean
In this section, we propose two multivariate group runs based control charts for monitoring the process mean using the Hotelling's T 2 statistic, namely the MV-GR-M chart and the MV-MGR-M chart.
The MV-GR-M Chart
Some Notations for the MV-GR-M Chart
2) L g = "Lower Control Limit" (LCL) of the MV-GR-M chart.
3) k g = "Upper Control Limit" (UCL) for the status of a group of the MV-GR-M chart.
Implementation of MV-GR-M Chart
Stepwise procedure for the implementation of the MV-GR-M chart is as follows:
Step-1 Inspect n units in succession.
Step-2 Declare the group as conforming or non-conforming through the Hotelling's T 2 statistic. The group is classified as non-conforming when T 2 falls beyond k g .
Step
Step-4 When the process goes out-of-control, the corrective action be taken. Once the process restarts, return to Step-1 before initializing CRL to zero.
In Shewhart type control chart, the zero state and steady state ARL performances are exactly same. However, for the group runs based control charts, the zero state and the steady state ATS performance are not same. We carry out the steady state ATS performance by using the optimal design parameters from the zero state ATS model. We developed the MAT-LAB program to compute the probability P as mentioned in Equation (2).
The MV-MGR-M Chart
We applied the MGR technique suggested by Gadre and Rattihalli [11] to develop the MV-MGR-M control chart to detect shifts in the process mean vector. For MV-MGR-M chart, we obtain the design parameters (n, k mg , L 1 , L 2 ) for given input parameters ( )
, , P d Σ by using ATS model in (3) and expression for ATS given in Equation (8).
Numerical Examples and Comparison in the Zero State
To 
Examples Related to the MV-GR-M and MV-MGR-M Charts and Its Performance in the Zero State
Example1: The input parameters ( ) Normalized ATS (normalized with respect to the MV-Syn-M chart) values are computed for ( )
For MV-Syn-M chart the normalized ATS is always unity. The entries up to d = 1.305 are given in Table 2 . For the larger values of d, the values of normalized ATS for all the four charts are same as those for d ≥ 1.095. Figure 1 is also shown below to see the ATS performance of the four charts.
It is observed that for d ≥ 0.285, we have ATS(d) mg < ATS(d) g < ATS(d) s < ATS(d) HOT .
Thus, the MV-MGR-M chart detects a shift of any size in the multivariate normal processes, for monitoring the process mean vector earlier than the MV-HOT, MV-Syn-M Table 1 . Optimal design parameters and ATS(d) values of the three charts. It is to be noted that the run length based charts are not having single initial state.
Therefore, it is necessary to study their performance in steady state and should be compared with that of the compatible charts. In the following section we study such Table 3 .
We compute optimal design parameters for the three control charts for n = 10, p = 2 and α = 0.05, by choosing Table 4 .
Here, MV-Syn-M, MV-GR-M and MV-MGR-M control charts give an out-of-control signal at sample 10, 7 and 7 respectively. This example illustrates the effectiveness of the MV-GR-M chart and MV-MGR-M chart, compared with the MV-Syn-M chart, for detecting a change of the process mean vector. Table 4 . Optimal design parameters of various control charts.
Steady State Behavior of the Various Charts
Davis and Woodall [5] , proposed runs rule for the synthetic control chart for the steady state performance. Gadre and Rattihalli [10] considered the steady state performance of the group runs control chart for detecting shifts in the process mean. Also, Gadre and
Rattihalli [11] considered the steady state performance of the MGR control charts to detect increases in fraction non-conforming and shifts in the process mean. Here, we use the same runs rule for the MV-GR-M and MV-MGR-M charts.
It is to be noted that for any run length based control chart, the steady state ATS is From Table 6 , we observe the following: The computations indicate that for shifts (d ≥ 0.4) in the process level, the MV-MGR-M chart is superior in detecting shifts compared to the other two compatible MV-Syn-M and MV-GR-M charts in the steady state case.
The Steady State Performance of MV-GR-M and MV-MGR-M Charts
For d ≥ 0.4, (Adj. SSATS) MV-Syn-M > (Adj. SSATS) MV-GR-M > (Adj. SSATS) MV-MGR-M
Conclusion
The 
